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Creeping flow through a composite porous material composed of two fiber types
has been analyzed for the situation in which the radii of the two fiber populations
are highly dissimilar. The composite material has been idealized as a porous matrix
that is composed of fine fibers (permeability K), into which cylindrical inclusions
(radius a.) have been embedded, and flow through the resulting system has been
modeled by the Debye-Brinkman equation. Two different methods of accounting
for the random geometry of a real porous material have been considered: a unit
cell approach and replacement of the coarse fibers by a periodic fiber lattice. Model
results are in good agreement with each other and reduce in the appropriate limit
to well-accepted models for flow in single-component fibrous materials. Plots of
net composite permeability as a function of fiber diameter and packing density are
presented. In the parameter ranges of interest, viscous effects at the coarse fiber
surfaces lead to a significantly lower overall permeability than that predicted by a

simple application of Darcy’s law.

introduction

Creeping flow through ‘‘fibrous porous materials,’”’ meaning
any network of cylinders (fibers and rods) separated by irreg-
ular interstices through which fluid may flow, is of interest in
a number of situations. Examples include solvent permeation
through polymeric networks (Fessler and Ogston, 1951; Jack-
son and James, 1982; Ethier, 1986), flow through fibrous fil-
tration devices (see, for example, Kirsch and Stechkina, 1978),
and fluid drainage through many bodily tissues (Curry and
Michel, 1980; Ethier et al., 1986; Levick, 1987). For such
materials it is acceptable to replace somewhat irregular and
gradually-curving constitutent fibers by a random array of
right circular cylinders (the so-called fiber matrix model). The
permeability of the original material can, in principle, then be
related to relevant microstructural parameters, namely, the
diameter, packing densities, and the orientations of consti-
tutent cylinders. For simple media composed of fibers of uni-
form radius which are either randomly distributed or placed
in periodic arrays, this relationship is provided by several well-
known models (Hasimoto, 1959; Happel, 1959; Kuwabara,
1959; Spielman and Goren, 1968) or their extensions (Neale
and Masliyah, 1975; Yu and Soong, 1975; Guzy et al., 1983;
Sangani and Acrivos, 1982a, b). These models lead to expres-
sions of the general form

K e (1)

a2
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where K is the material’s hydrodynamic permeability, a is the
fiber radius, f(¢) is a model-dependent function, and ¢ is the
fiber solid fraction, defined as the volume occupied by fibers
divided by total volume. The above-mentioned models yield
predictions in reasonable agreement with experimental data on
flow through monodisperse fibrous materials, at least for low
solid fractions (Jackson and James, 1986).

Unfortunately, real fibrous materials can be composed of
mixtures of fibers having different diameters, so that the above
(monodisperse) models no longer apply. For example, a variety
of connective tissue types consist effectively of two fiber pop-
ulations whose radii differ by a factor of 25 to 100 (Levick,
1987). In these tissues, the volume fractions of the two fiber
types are such that the two fiber populations have similar
specific surface values, suggesting that both fiber types will be
hydrodynamically significant. For such materials, more com-
plete theories taking into account the polydispersity of the fiber
population are, therefore, required.

For the special case of materials that are not highly poly-
disperse, in which fiber radii differ by a factor of two or less,
several relationships based either on limited experiments (Kirsch
and Fuchs, 1973; Kirsch and Stechkina, 1978) or approximate
theories (Ethier, 1983; see also Levick, 1987) have been pro-
posed. These relationships are not valid for highly polydisperse
materials. Based on experiments with air flow through highly
polydisperse glass fiber filters, Clarenburg and Werner (1965;
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see also Werner and Clarenburg, 1965) proposed an empirical
relationship for permeability in terms of filter composition.
Unfortunately, molecular slip effects were significant in their
experiments (Knudson numbers of order one), and thus their
empirical relationship is of extremely limited generality; for
example, it will not be valid for a permeating fluid other than
air. Alternatively, Clarenburg and Schiereck (1968) attempted
to extend Clarenburg and Piekaar’s (1968) monodisperse fi-
brous filter theory to multicomponent materials, with poor
results. For example, in the appropriate limit their results are
not consistent with those of the well-accepted Happel mono-
disperse model. [n short, there is a need for a model describing
flow through highly polydisperse fibrous materials, which is
independent of empirical experimental input and reduces, in
the limit as the solid fraction of one component vanishes, to
a well-accepted model for flow through monodisperse mate-
rials.

In this article, we formulate such a model by approximating
the fine component as a homogeneous porous matrix into
which the coarse fibers are embedded. The hydrodynamic ef-
fects of both components are then included by using the Debye-
Brinkman equation to model the flow. Several different spatial
arrangements for the coarse fibers are considered: a doubly
periodic square array of coarse fibers and a random array of
coarse fibers. The basic model is formulated, and solutions
for three possible coarse fiber orientations are presented. Re-
sults are compared, and then the approximations made in the
theoretical derivations and of the applicability of the results
are discussed.

Model Formulation

We restrict attention to highly-polydisperse, two-component
materials which can be idealized as a system of coarse fibers
(radius @, and solid fraction ¢.) embedded in a matrix of finer
fibers (radius ¢, and solid fraction ¢,), see Figure 1. The dis-
parity in fiber sizes is assumed to be such that the fine matrix
appears homogeneous on the length scale of the coarse fibers;
this approximation is further considered in the Discussion sec-
tion. If this holds, we may simply characterize the fine matrix
by a permeability K, which may be calculated, for example,
from the Happel single-component theory using fiber radius
a; and local solid fraction ¢/(1 —¢.). Essentially we treat the
two-component material as a composite porous material con-
sisting of impermeable (coarse) cylindrical inclusions imbedded
in a fine matrix (Figure 2). Implicit in this treatment is spatial
averaging of the velocity (v) and pressure (p) fields over a
length scale larger than the mean center-to-center spacing within
the fine material, but smaller than the coarse fiber radius.
Velocities referred to throughout should, therefore, be con-
sidered as superficial velocities from the viewpoint of the fine
matrix and interstitial velocities from the viewpoint of the
coarse matrix.

Hydrodynamically, the coarse fibers have the following ef-
fects:

1. They increase the superficial velocity through the fine
material due to an ‘‘area obstruction’’ effect.

2. They increase the overall tortuosity of the mixed material.

3. They create velocity gradients within the fine material due
to the fact that the no-slip condition must be satisified on the
surface of the coarse fibers (Figure 2).

All three effects will tend to decrease the net permeability
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Figure 1. Idealized view of a two-component, highly-
polydisperse, fibrous, porous material.

Here, the coarse fibers are parallel to one another, but this need
not be the case.

of the composite material, K,,..; evidently Kis an upper bound
for K.

To account for velocity gradients within the fine matrix it
is necessary to use a higher-order equation than Darcy’s law,
and we have therefore chosen to model flow through the com-
posite material by the Debye-Brinkman equation:

Matrix of Fine Materialu

Permeability = Ky

Figure 2. Idealized view of the postuiated hydro-
dynamically equivalent composite material
for cross-flow geometry.
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0=—Vp+u' V-1 v )
which accounts for the presence of the porous matrix by in-
clusion of a first-order bulk stress term u/K,v, while also
allowing for the presence of vorticity in v. In Eq. 2, u is the
viscosity of the percolating fluid, and p’ is a viscosity coef-
ficient. There has been some discussion regarding the correct
choice of this latter coefficient. Detailed numerical calculations
carried out by Larson and Higdon (1986) showed that u’ could
differ from p by as much as 25% for ¢ = 0.2, while Koplik
et al. (1983) have shown that u’ = u only in the limit as ¢
approaches zero. On the other hand, many authors simply set
u’ = p (Neale and Nader, 1974; Adler et al., 1978; Spielman
and Goren, 1968; Sano, 1983; Guzy et al., 1983), an approach
that has some experimental justification (Matsumoto and Su-
ganuma, 1977). We adopt this latter approach, expecting that
this will be a good approximation as long as ¢, is small, which
is typically the case.
If we scale positions, velocities, and stresses by X%/, U,, and
uU,K; ', then Eqg. 2 can be written in dimensionless form as

0=-Vp+Viv—v (2a)

to which we append the usual incompressibility requirement,
v -v= 0. In Eq. 2a and all subsequent text, all quantities are
dimensionless, unless otherwise noted.

To represent the coarse fiber distribution within a real (ran-
dom) fibrous material, we have considered several approximate
models. In the first approach, the coarse fibers are replaced
by a periodic square lattice (Hasimoto, 1959; Sparrow and
Loeffler, 1959; Sangani and Acrivos, 1982a,b), having the
same solid fraction ¢, as the original material. Denoting the
center-to-center coarse fiber spacing by 2k (Figure 3a), the

condition
a T 1/2
[

holds. In the second approach, a cylindrical unit cell is con-
structed around a representative coarse fiber (Happel, 1959;
Kuwabara, 1959; Neale and Masliyah, 1975), and the influence
of the surrounding fibers is accounted for in an approximate
way via boundary conditions at the cell boundary. The cell
radius b, (Figure 3b) is chosen so that the coarse solid fraction
within the unit cell equals ¢,

a
b?

b @

It is recognized that both approaches are approximations that
neglect statistical variations in interfiber spacing that will occur
in real fibrous media. If such variations are not too severe,
however, we expect our results will be reasonably accurate.
This expectation is based on the success of analogous models
for describing flow in monodisperse fibrous materials.

To estimate K, for the composite material we focus atten-
tion on a single representative coarse fiber, either in a unit cell
or periodic lattice, and solve Eq. 2a for the flow field around
this fiber. The mean fluid velocity within the composite ma-
terial can then be related to the mean pressure gradient, and
hence K, can be calculated. In this procedure, it is necessary
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Figure 3. Definition sketch for: cross-flow, coarse cyl-
inder lattice (3a); cross-flow, unit cell ap-
proach (3b), parallel-flow, coarse cylinder
lattice (3c); parallel-flow, unit cell approach
(3d).

A/is the cross-sectional area of the fine matrix. Flow is from right
to left.

to consider two geometries: one in which the coarse fiber’s
axis is perpendicular to the mean flow direction (‘‘cross-flow’’)
and one in which it is parallel (“‘parallel flow’’). The general
case of randomly oriented cylindrical inclusions can then be
handled by appropriate weighted averaging of the cross-flow
and parallel flow cases (Spielman and Goren, 1968). We con-
sider the cross-flow case first.

Cross Flow
Preliminaries

Following the general approach of Sangani and Acrivos
(1982a), we adopt the vorticity-stream function formulation,
in which the governing equations become:

Vi=—-w S)
Viv=w ©6)
For later convenience, define
h=vy+o Q)
which allows Eq. 5 to be rewritten as:
vi,=0 (5a)

With reference to Figure 3a, symmetry requirements dictate
that @ = 0 along # = 0 and that

a
awz_gbzo

ax ox
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along § = w/4. As well, we set ¥ = Oalong 6 = 0. The solution
of Egs. 5a and 6 satisfying these conditions is

w= i f(r) sin 2n—1)6;

n=1
IZri-l(r)_’_C Ky, (1)

W) =A, "
Il Iy, Ky,

®)

Y= i gn(r) sin (2n—1)8;

" r 2n—1 r 1-2n
gn(r):Bn I:;Cil _Dn |:;C:| (9)

in which 7, and K, are the modified Bessel functions of the
first and second kind of order v and the carat indicates that
the function is evaluated at r = a.. In the above expressions,
A, B,, C,, and D, are coefficients determined by the boundary
conditions. When the no-slip (3y/dr=0) and no-penetration
(' =0) conditions are imposed at r=a, the following con-
straints on the A4,, B,, C,, and D, are obtained:

anynAn—ann (loa)
D,=—-(1+y,)A,+(1+z2,)B, (10b)
where
y, = :2n71 {21172 n:]§2n71 22n~1) an
K2nv2 IZn—l K2n~2 a.

These expressions allow C, and D, to be eliminated from Eqgs.
8 and 9 to obtain

Izn;l(r)_’_ Kzipl(r)j| _B Ky, 1 (1) (12)

y =
Ilnfl " Kanl K2rl-l

1 —2n
g.(N=A, [(Hyn) (5) }
r 2n—-1 r 1-2n
+Bn[<;c> —(1+z,,)<;c) :| (13)

The determination of A, and B, is deferred to the following
sections.

The force F (per unit coarse fiber length) exerted by the
fluid on the coarse fiber and the surrounding fine matrix has
two components: a force F, generated by the coarse fiber arising
from normal and shear stresses at the fiber’s surface and a
Darcian drag force F, generated by the fine matrix. The surface
force F; is given by

Ja(r) :An[

F,= g [o,, cos 8 — 0,4 sin 6] dS (14)

¥

where ¢,, and o, are the normal and shear stresses, and 7 is
the oriented curve Ir! = q.. Since y=0and 0,y = w on y we
may rewrite Eq. 14 as
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Fsz—S [p cos 8+, sin 6] dS (15)

¥y

Noting that G(z) = G(x+iy) = p— iy, is analytic then gives

F= —ImS G(z2)dz= —2nRe [Res (G(z))] (16)

~

where Res(G) denotes the residues of G(z2) inside . Since both
p and ¥, have simple poles at r=0, G(z) has a simple pole at
z=0, and the surface force is given by

F,=2ma.D, amn

F, is given by the following integral

FU=4S v-%dA (18)

Ay

where A, is the area of the fine matrix shown in Figure 3a.
Stokes theorem allows Eq. 18 to be written as:

F,=—4 S vdx (19)

BAr

Since ¢ = 0 on AB and BC we have

F,= - 45 Ydx (20)

CDE

To complete the mathematical specification of the problem it
is necessary to impose two additional constraints on the flow
field on the boundary CDE, the exact form of which depends
on the microstructure of the porous material, as detailed below.

Periodic coarse fiber spacing

For the case of a doubly periodic square coarse fiber array
(Figure 3a), appropriate boundary conditions on CDE are:

On DE: w=0; y,=h (21a)
3
oncp: 22 _g (1b)
ox Ox

These are applied in the manner described by Sangani and
Acrivos (1982a). Specifically, the infinite sums in Eqs. 8 and
9 are truncated at N terms, and Egs. 21a and 21b are applied
at M points on each of DE and CD so as to determine coef-
ficients {4,, B,; n = 1,2, ... N} in the least squares sense.
For all reported results we used M = 30, N = 15, and solution
insensitivity to M, N was carefully verified.

Determination of 4, and B, allows D,, and thus F; to be
computed from Egs. 10b and 17. Equation 20 for F, is simply

F,=41* (20a)

since dx=0 on side CD, and = h on ED. Darcy’s law written
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for the composite material can then be used to determine the
net permeability of the composite in cross flow K. cross a5:

Koeveross 4R 2, |
I . — = | 1+— D 22
X =F [ - Dy 22)

where the macroscopic dimensionless pressure gradient has
been equated to the force per unit volume, F/4h%

Random coarse fiber spacing

For the unit cell geometry (Figure 3b), only the n = 1 term
of the expansions (Eqgs. 8 and 9) is required, and thus the only
unknowns are A, and B,. Simplified boundary conditions are
to be applied on the cell boundary so as to account in an
approximate manner for the influence of the surrounding ma-
terial. Two such boundary conditions have been considered in
the present work: zero shear at » = b, and velocity matching
to an idealized external flow field at r = b,.

Zero Shear Model. In this approach, we follow Happel’s
1959 development for monodisperse materials and impose a
uniform normal velocity and zero tangential shear at the cell
boundary. Zero tangential shear requires:

a 2
—ar—fz—w at r=>b, (23a)
The uniform normal velocity condition is:
Yy=—b.sinfatr=>b, (23b)

The resulting equations for A, and B, are shown in the Ap-
pendix; solution of these equations allows F; to be calculated.
In light of Eq. 23b, Eq. 20 for the Darcian force F, becomes:

F,= b} (20b)

Darcy’s law for the composite then gives:
@mtmgl+mD“ )

K, F a

Matching Model. The second approach we have adopted
for the cross-flow problem is motivated by Spielman and Goren
(1968), and particularly by Neale and Nader (1974), Neale and
Masliyah (1975), and Guzy et al. (1983), in which the flow
field at the cell boundary is matched to an idealized flow field
in the remainder of the porous material. The flow field in the
porous material outside the cell is also described by the Debye-
Brinkman equation, with the important distinction that in this
external region the permeability appearing in the bulk stress
term in Eq. 2 is K, rather than K. This description of the
external flow field is evidently an approximation; once again
we refer to the analogous theory for monodisperse materials
in which computed results agree well with experimental data
(Jackson and James, 1986). This may be due in part to the
fact that the flow field close to the cylinder is only weakly
dependent on the boundary conditions at the cell boundary so
long as these conditions provide a reasonable approximation
to reality.
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The external problem (outside the unit cell) is formulated
as

Vi = —o° @s)
V3’ = 32° (26)
where ° and «° are the stream function and vorticity outside

the unit cell, and
K 1/2
B=[}i} 27
net

Defining yf = ¢° + 8% «° allows Eq. 25 to be replaced by

ViE=0 (252)
The external velocity field is uniform far from the test fiber,
corresponding to boundary conditions

w’—0

as r—oo (28a)

Y°—rsinf asr—o (28b)

The solution of Eqs. 25a and 26 satisfying Eq. 28 in the unit
cell geometry is

o__ 2 K, (r8)
w’=E\B K————~—l b8) sin 6 (29)
b.| .
v = [r+Fl —r—] sin 6 (30)

where E, and F, are constants. Matching of tangential and
normal velocities and stresses at the cell boundary then allows
Ay, By, E,, and F, to be expressed in terms of the parameter
B (see the Appendix). (See Ethier and Kamm, 1989, for a
discussion of shear stress matching using the Debye-Brinkman
equation.)

It remains to calculate the force on the material within the
unit cell. Since y = ¢° on CDE, Eq. 20 becomes:

F,=1b? [1+5—§—‘} (20c)

b, b,

Thus, Darcy’s law for the composite material may be written
as:

Fl El 2¢c
b b a

g=1+ D, 31

Since D, E,, and F; are functions of 3, this is a transcendental
equation for 8 in terms of @, and b.. It was solved numerically
using Newton linearization to give the following results.

Parailel Fiow
Preliminaries

For the parallel flow case it is most convenient to work in
primitive variables, employing a cylindrical coordinate system

Vol. 37, No. 8 1231



with the # vector coincident with the fiber axis and the flow
direction (Figures 3c and 3d). In this case dp/dz is a constant,
and Eq. 2a can be rewritten as

V=7 (32)
where
- UZ
=~ 33
U= T aprdz G3)
In light of the symmetry requirements d9/d6 = 0 along § =
0 and 8 = 7/4, the solution of Eq. 32 is
> I
Z () cos 4n 8; hy(r) =G, D) _ g Kl 5y
[4n K4n

where G, and H, are constants. Imposing no-slip on the coarse
cylinder’s surface gives G,=H, forn = 1 and H, = G, + 1,
so that ¥ is

. Ko(")
U= —

G cos 4nf {Ih(r)_mn(r)} 35)

iAn 1{’4,,

Specification of the coefficients G, is deferred to the following
sections.

The dimensionless flow rate within the area 4, shown in
Figure 3¢ may be expressed as:

Q _
i SA[(1+U) dA (36)

Use of Eq. 32 and Green’s theorem gives

Q

v
= — 7
iz A+ LA as 37

an
i

where n is the normal to the boundary A,. Darcy’s law for the
composite then becomes

Knel parallel Q 8¢L« S 617
=l-¢.+—; —dS
K, —dp/dz(A;+wai/8) ¢ T Jy,, AN
(38)

We now consider several different coarse fiber arrangements.

Periodic coarse array

By analogy with the cross-flow case, the summation in Eq.
35 is truncated at the Nth term, and the coefficients {G,; n
= 0. .. N} are determined from the boundary condition:

v
—= B
> 0 on BC (39)

Once again Eq. 39 was applied at M points along BC and the
G, were determined by least squares. Results presented below
are for M = 30, N = 15.
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To evaluate Q, note that 30/dn vanishes on AB, BC, and
CD. As well, only the n = 0 term in Eq. 34 contributes to the
integral in Eq. 38, so that Darcy’s law becomes

=1-
3 b

0

Knet aralle! 2 c
Znevparallel _ ¢ [—(1+GO) +7 GO] (40)

Random coarse fiber spacing

We once again consider the unit cell geometry (Figure 3d),
in which case only the n = 0 term in Eq. 35 is required. As
in the cross-flow problem, two conditions on the cell boundary
are considered: zero shear or matching to an idealized external
flow field.

Zero Shear Model. Again, by analogy with Happel’s 1959
development for monodisperse materials, we require that the
shear stress vanish on the cell boundary,

"":g}r”o atr=b (41)

G, is then trivially given as:

-1
Gy=——F——— (42)
0 A ATS

Kl(bc) iO

Since 36/8n on BC, K, parane/ Ky is once again given by Eq.
40.

Matching Model. The flow field within the cell is matched
to an idealized external flow field calculated by the Debye-
Brinkman equation, as was done for the cross-flow problem.
The dimensionless form of the Debye-Brinkman equation which
applies outside the cell is

dp
0=—B—E+ v, -3, (43)

where dp/dz within the cell matches dp/dz outside the cell.
Subject to the requirement that v, be bounded at infinity, a
solution of Eq. 43 is

1 dp
v,= _Ezd_z [1+L0

where L, is a constant. Matching v, and ¢,, = dv,/dr at the
cell boundary determines G, and L, (see the Appendix). Darcy’s
law for the composite material (Eq. 38) becomes a transcen-
dental equation for the ratio 8 = Ko, paane/ Ky

(44)

Ky (rB)
Ko(b.83)

N
gl

[; (1+Gy)

o GO} _20cb, Lo Ky (bf)

4
T & BKbp P

Numerical solution of Eq. 45 for given a. and b, allows K o\ parane
to be determined.
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Random Orientation

For composite materials, in which the coarse fibers are ran-
domly oriented, the linearity of the problem can be exploited
to give the net permeability in terms of a weighted sum of
Koetcross and Kog parai (Spielman and Goren, 1968). (By ran-
domly oriented, we mean the case in which the probability
density function for the angle o between the coarse fibers and
the superficial velocity vector within the composite is sin ada.)
Thus,

1 w3
_Knet,cross

173

Knet,parallel

(46)

K net, random

Itis, of course, nonsensical to speak about a randomly oriented
set of coarse cylinders in the context of the periodic lattice
model, and thus the lattice approach breaks down in this case.
However, as an approximation to a real material, the periodic
coarse lattice results for the parallel and cross-flow geometries
can still be combined through Eq. 46.

For the matching model, the above equation is not self-
consistent, and a slightly different approach is used, as follows.
The cross-flow and parallel-flow models are solved with the
external medium having an unknown permeability K. undom»
yielding expressions for K. cross aNd Kyer paranes s functions of
Kt candom Knetcross ANd Koo paranier are then substituted into Eq.
46 to yield a single transcendental equation for K. random- (IN
practice, results obtained with this approach are almost iden-
tical to those resulting from direct use of Eq. 46.)

Results

Considering the cross-flow case, initially we plot in Figure
4 the predictions of the unit cell zero shear model for K cross”
a’as a function of ¢, for various values of K, /a2 which pro-
vides a rough estimate of the relative hydrodynamic importance
of the fine matrix as compared to the coarse fibers. This can
be seen most readily by noting that the Debye-Brinkman equa-
tion predicts the existence of a velocity transition layer of
thickness O(K/%) next to boundaries on which the no-slip con-
dition is applied. The ratio K/*/a,, therefore, is the thickness
of this layer compared to the coarse fiber radius. When
K/al<< 1, the composite’s net permeability is governed pri-
marily by the fine material, and thus K is a good estimate for
Kiecross- On the other hand, when K/a? >> 1, the effects of
the fine material become insignificant and the coarse fibers
provide the main resistance to flow, and we expect to recover
the results of theories for flow through a monodisperse fibrous
material having fiber radius a, and solid fraction ¢..

This limiting behavior is confirmed by Figure 4. Note that
as Kf/af—» oo, our model results approach those of the Happel
(1959) single-component model. Although not shown, similar
limiting behavior is noted as K,/a’— o for the unit cell match-
ing model, where the results approach those of Guzy et al.
(1983). A second limiting case is obtained when K,/a’—0. It
can be shown that both the zero shear model and the matching
model (for small ¢.) give

Knel,cross__‘ 1-— ¢c
K, 1+ ¢,

as K;/a’~0 “47)

as previously predicted by Paleszewski (1983). This limit cor-
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Figure 4. Dimensionless net permeability, K, /a2 vs.
coarse solid fraction ¢ for various values of
the ratio K,/a2 for the cross-flow geometry.

The results are predicted by the zero shear unit cell model (Eqgs.
24 and A8). Also shown are the results of the monodisperse Happel
model (dotted line).
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responds to the situation in which the coarse fibers act to
increase the tortuosity and the superficial velocity within the
fine matrix, but exert a negligible hydrodynamic effect via the
no-slip condition. The 1— ¢, term in the numerator of Eq. 47
represents an ‘‘area obstruction’’ effect by the coarse fibers,
leading to an increased superficial velocity within the fine ma-
terial. The (1 + ¢, ' term in Eq. 47 accounts for the increased
tortuosity introduced by the coarse fibers.

The results of all the cross-flow models are compared in
Figure 5, where K. 05/ Ky is shown as a function of ¢. and
K f/af. The three models are seen to be in good general agree-
ment with one another, with best agreement between the per-
iodic lattice model and the unit cell matching model. Although
results are presented for ¢, as large as 0.65, the present models
are expected to be most accurate for small ¢, i.e., 0 < ¢, =
0.3. In this range of ¢, differences between the models are of
the order of 15%, with a worst-case difference of approxi-
mately 35% at K/a? = 1, ¢, = 0.3.

Figures 6 and 7 show results for the parallel and random
coarse fiber orientations. For the parallel flow case, the fol-
lowing limiting form is obtained:

Knel parallel Kf
—retparalel ) _ g, as —4—0
7 ¢, as p

(48)
Comparing this result with Eq. 47 shows that the (1 + ¢,
term (representing an increase in tortuosity due to the coarse
fibers) is absent, as one would expect for the parallel geometry.
The corresponding equation for the random fiber orientation
is:

Knel,random 1- ¢c as &_.0

K, 1+2/3¢. &

(49)
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the ratio K,/a2 in the cross-flow geometry.

——, unit cell zero shear model; ----, unit cell matching model;
-~--, periodic lattice model. Also shown () is the limiting
form predicted as K,/a>~0.

The general features of the parallel and random orientation
cases are quite similar to those of the cross-flow case.

Discussion

The models presented above give K, as a function of g,
K, and ¢, for the cross-flow, parallel-flow, and random ori-
entations of the coarse fibers within a two-component fibrous
material. As well, for each orientation a periodic lattice ar-
rangement and a random arrangement for the coarse fibers
have been considered. Ideally, we would validate the models

10° -
NN — 10,
\ >~ T T 0.001
SN ~ T~ - T P
REEA > S s T
\ N\ - ~ >~ = ~ 4 \’\_\
o\ \ S NG > %,0.01 ~
\ » AN ~ . N
~ ~
107 F \\ ~ \'\_ ~.
F N ~ ~
Y N ~ ‘\\ 0.1 ~ N
- F ~ R
X L \ > NI N ~ J ~ N
¥ + v N > ~ ] ~
X | \ N X ~ > N ~
\ ~ N ~ ~.
\ N S ~ >
~ > .
{ N N X 10 ~ RN
102 \ ~ = S
L N R
F \\ ~ ~ >
r N ~ N
r NN Kea® =100 ~ ~
r N N \.\ ~
- N . ~ o N
d ~ .
3 NN . N S
- N ‘\~ h ~ S ~
N N ~
~ > N
. ~
107 SO U SRS SN SR S
0.00 0.10 0.20 0.30 0.40 0.50 0.60

Solid fraction, ¢,

Figure 6. Dimensionless net permeability, K,./K; vs.
coarse solid fraction ¢, for various values of
the ratio K,/a? for the parallel geometry.
Legend as for Figure 5.
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Figure 7. Dimensionless net permeability, K../K; vs.
coarse solid fraction ¢, for various values of
the ratio K,/a? for the random fiber geometry.
Legend as for Figure 5.

by comparing these results with a reliable body of experimental
data. However, as previously noted, we are unaware of any
experimental studies on flow through, well-controlled, two-
component, fibrous materials appropriate for the present study.
We, therefore, resort to a critical examination of the results
and assumptions underlying the models.

In comparing results from the different models, we recognize
that each model approximates the geometry and flow field
within a real fibrous material in a different manner. None-
theless, typical differences in the permeability predictions of
the three models are of the order of 15-20% for the cross-
flow and random orientation geometries, at least in the range
0 < ¢, =< 0.3, (Slightly more variation is seen for parallel
flow.) This degree of variability is typically seen in permeability
measurements on real random materials (e.g., Jackson and
James, 1986), and thus the results of the above models in the
range 0 < ¢, < 0.3 may be considered equivalent for most
engineering purposes. The preferred model, therefore, is the
unit cell zero shear approach, due to its relative computational
simplicity. This consistency among model predictions enhances
confidence in the results of this study and suggests that our
treatment of coarse fiber geometric effects are reasonable, in
accordance with experience with monodisperse fibrous media.
(Of course, for a material containing a periodic square lattice
of coarse cylinders, the periodic lattice model is ‘‘exact,”’ sub-
ject to the following discussion.)

An assumption common to all of the models is the replace-
ment of the fine cylinders by a matrix that is homogeneous
on the length scale @. and subsequent treatment of this fine
matrix by a bulk stress term in the Debye-Brinkman equation.
We expect that treatment of the fine cylinders via a homog-
eneous bulk stress term in the Debye-Brinkman -equation will
be acceptable, if the volume fraction of fine fibers is small
and if the fine material can be considered as homogeneous and
isotropic on the length scale of the coarse fibers. The former
condition will be satisfied for most fibrous materials of interest
and thus is not restrictive. A necessary condition for homo-
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geneity is that the mean distance between fine fibers be much
less than the coarse fiber radius,

2
a,
— >1
or ["f]

In the present study, we are most interested in materials for
which K,/afis of order unity (see below). For such materials
and for typical ¢, values (order 10~ to 107°), the left side of
Eq. 50 is of order one. Hence, in this case, the homogeneity
requirement Eq. 50 will not be strictly satisfied. However, we
suggest that the present results will still be valid for three
reasons.

1. Numerical modeling by Larson and Higdon (1986) sug-
gests that the Debye-Brinkman approach is acceptable even
when this homogeneity requirement is satisfied only approx-
imately.

2. It must be remembered that a fluid particle will sample
many ‘“unit cells,’’ as it passes through a real fibrous material.
Even though the fine fibers within any individual cell may not
be homogeneous, the effect of the fine fibers, when ensemble
averaged over all ‘‘unit cells’’ encountered by the fluid particle,
can be approximated by a homogeneous material. Of course,
the flow field around any given coarse fiber may differ from
the average computed here, but in the present work we are
concerned only with overall pressure drop, rather than the
flow around a given coarse fiber.

3. The above models give the correct behavior in the limits,
as K,/a’ approaches zero and infinity due to the fact that the
Debye-Brinkman equation reduces to Darcy’s law or the Stokes
equations in these limits. One could, therefore, view the present
work as an asymptotically correct theory that bridges the gap
between these limits in a rational manner.

The present models will be most useful for materials in which
K,/alis O(1). For very large values of this ratio, the perme-
ability is estimated more easily by single-component theory;
for very small values flow through the fine matrix is more
easily described by Darcy’s law (Eqs. 47 and 48). Note that
for ¢. = 0.3 and K/a’ = 1, a naive application of the Darcian
result (Eq. 47) will lead to an approximate tenfold overestimate
for net permeability in the cross-flow case. This emphasizes
the need to account for viscous effects at the coarse fiber
surfaces in such a case.

(50)
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Notation
a = fiber radius
A, = area of fine material, Figure 3
A,, B,, C,, D, = coefficients in expansions (Egs. 8 and 9)
E,, F, = constants in Eqgs. 29 and 30

i

F, drag force generated by stresses at the coarse cyl-
inder surface, per unit coarse cylinder length

F, = drag force generated by the fine matrix, per unit
coarse cylinder length
G(z) = p—iYy
G,, H, = constants in expansion (Eq. 34)
h = half center-to-center fiber spacing in periodic

lattice
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I,, K, = modified Bessel functions of the first and second
kind of order v
K = permeability
K.« = net composite permeability

L, = constant (Eq. 44)

Q = flow rate

U, = reference velocity

v, = velocity in z direction

0 = see Eq. 33
Y 2, = see Eq. 11

Greek letters

B = see Eq. 27
y = oriented curve lrl = a,
pop’ = fluid viscosity, viscosity coefficient appearing in
Debye-Brinkman equation
¢ = fiber solid fraction
Y = stream function
¥, = function defined by Eq. 7
Y? = function defined by ¢ = ¥° + 872 °
o = fluid stress tensor
w = vorticity
Subscripts
f = fine component
¢ = coarse component
Superscripts
0 = quantity defined outside the unit cell in matching

model
= function evaluated at r= a.
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Appendix

Reproduced below are the constraints used to determine the
coefficients A, and B, for the unit cell approach in the fol-
lowing cases: (1) cross-flow, zero shear; (2) cross-flow, exter-
nal-flow field matching; and (3) parallel-flow, external-flow
field matching.

Cross-flow, zero shear

To simplify notation, we make the following definitions:

2121—1(,‘)_'_ Koo (D)

P, " —5
IZn—l K2nv1

(AD)

KZn—l(r)
=2, (A2)
Q KZn—l
Ly 5 (1) Kyn2(1)
R, === N e A3
12nv1 K2n71 ( )
KZn-Z(r)
S,= -z, —=2~ A4
Kanl ( )
r 1-2n
T,=(1+y) <;> (A5)

r 2n—1 r i-2n

U,= <;> -(1+z,) <a_> (A6)
r 2n-1 r i-2n

V,= (;) +(1+z,) <;) (A7)

The constraints on 4, and B, can then be written as:

P-T -0-U A, b,
b B =
EPl_bch V1+Ul+bcsl—EC 102 B, - b

(A8)

Cross-flow matching to external-flow field

Matching velocities and stresses is equivalent to matching
Y, dy/0r and  between inner and outer solutions, plus
A,/ 0r= B> Y2/ dr. The resulting constraints on A, B,, E;, and
F are:

T,-P,  Q+U 1 ~17T 4, b,
K, (bB)
Rb. Vi+U +b.S, —bcﬁm 0 B, _ 2b.
Pl - Ql - BZ 0 E, 0
-T Vi 0 g LA bB’
(A9)

This is solved simultaneously with Eq. 31 to determine (.

Parallel flow matching to external-flow field

The constraints on G, and L, are:

Lib) Kby 1 1 Ko(b)
TR FPLFTR Y
Li(b) Ki(b) L KbB)| |, | | _Ki(b)
I K B KybB)] L K

This is solved simultaneously with Eq. 45 to determine 8.
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